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What is Primal-Dual Gradient Dynamics?

• Lagrangian

• Max-min saddle point problem
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• Standard Convex Optimization



PDGD
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power system operation wireless communication resource allocation

Linear Convergence for discrete-time counterpart [S. Du and W. Hu 2018 ]

[S. Du and J. Chen 2017 ]

Global Asymptotic Stability [Feijer and F. Paganini 2010] [Cherukuri, Mallada and Cortes 2016]

Global Exponential Stability

Equality constrained Linear inequality constrained Convex inequality constrained

[Tang and Li 2019][Qu and Li 2018][Cortés and Niederländer 2017]

Need the primal objective f(x) to be Strongly Convex.



Absent (Primal) Strong Convexity
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Example 1. Resource Allocation

What if linear cost function for some agents 

Example 2. Optimal power network flow

power 

generation

Obj. f(x) does not even contain variable y

Does PDGD still achieve global exponential stability?



Problem Formulation

Equality-constrained 

convex optimization problem 

Lagrangian:

Primal-Dual Gradient 

Dynamics (PDGD)

f is strongly convex 

while g is only convex.
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Assumptions

Assumption 1:

Assumption 2:

Assumption 3:

(Standard assumption for exponential stability. Matrix      is the bridge between     and     )
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In this setting, is the PDGD globally exponentially stable?



ESESES

Intuitions

❑ The prima-dual gradient dynamics:

Special Case

is not ES itself,
need help from 

[1]                                                                       [2] [G. Qu, N. Li, 2018] 6

Strongly Convex

Quadratic Convex

General Convex

(Assumption 3)
[1] [2]

linear system



Quadratic Case

Consider a quadratic         given by                                              

with                                               and                      . 

Proposition 1. (informal) The equilibrium point set of the PDGD is given by   

Theorem 1. Under assumption 1, 2, 3 and the condition that          is quadratic, then   

the PDGD is globally exponentially stable, i.e., there exists                       such that 
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Note 1. PDGD is still nonlinear due to general f(x).

Note 2. The linear case with            is prohibited by Assumption 2 (finite optimum).



General Case General convex smooth                                                      

Assumption 4 (Augmented Strong Convexity):

Theorem 2. Under Assumption 1, 2, 3, 4, the PDGD is globally exponentially stable, i.e., 

there exists             and            such that 

may not ensure exponential stability itself and needs help from B.
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Proposition 2. (informal) The equilibrium point      of the PDGD is unique under Assumption 1 - 4.

Augmented                                              is strongly convex.



Define                                                                       .Proof Sketch

❖ Key Idea: (use matrix B to make up strong convexity deficit.)

Find a Lyapunov function                   such that                                for constant           .                 
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❖ Challenge: there is no strong convexity on primal variable y in the Lagrangian.                             

Design

where

Quadratic Case General Case

Design

where

• is orthonormal in column and                                             .

• is a sufficiently large parameter to make diagonal dominant.



Simulation (Quadratic Case)
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ES

◼

◼

◼

y(t)
Gy(t) By(t)
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Simulation (General Case)

◼ ◼

◼

k = 10 B is not full column rank. Assum. 4 is not satisfied. Locally exponentially stable.

k = 30 B is full column rank. Assum. 4 is satisfied. Globally exponentially stable.



Conclusion
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f is smooth and strongly convex 

g is smooth and convex

A is of full row rank

Extend the analysis to convex optimization with (non)linear inequality constraints. 

Future work

(         is quadratic) if

end

or (        and B satisfy augmented strong convexity) 

The PDGD can achieve global exponential stability;



Thanks!
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